Introduction.
Let D be a bounded regular space domain, and let C be a fourthorder tensor-valued function on D with coefficients Cim in C\D). If the coefficients CtJkl are regarded as elasticities, then a sufficient condition for uniqueness of solutions of the elastostatic displacement boundary-value problem in D is the existence of a positive constant c for which the inequality [ CimvtJvk,i dV > c f |Vv| 2dV
(1)
holds for all v £ H0\D). (In this expression, vu denotes the derivative of the z'th component of the vector v with respect to Xj . Summation convention is used throughout this note.) Such an inequality is easily obtained by assuming that the coefficients CiJM are such that there exists a positive constant c0 for which Cijkiix)%i£ki Cf£i£ij (2) for every tensor and every x in D (see, for example, Fichera [2] or Knops and Payne [3] ).
A weaker assumption than the inequality (2) is the assumption that C is uniformly strongly elliptic, i.e., that there exists a constant cx for which Ci/3ja1 > c, |a|2 |/3|2 (3) for all vectors a and 0 and all x in D. If the major symmetry condition CiJM -CKUJ is satisfied, then Wheeler [5] has shown that (3) implies uniqueness of solutions of the elastodynamic displacement boundary-value problem. However, Edelstein and Fosdick [1] have shown by example that uniform strong ellipticity alone is not sufficient in general to guarantee uniqueness for the elastostatic displacement boundary-value problem, although uniqueness can be regained in certain circumstances with a few additional assumptions [3] .
Suppose that the elastic medium is homogeneous, i.e. that the elasticities CijM are independent of x in D. Then one can establish without difficulty the following lemma [3] , Van Hove's Lemma: If Q is uniformly strongly elliptic, then an inequality of the form (1) holds for all v £ H0l(D).
It follows from this lemma that, in a homogeneous medium, uniform strong elliplicity implies uniqueness for the elastostatic displacement boundary-value problem.
It is apparent that Van Hove's Lemma is not valid as stated if the coefficients Ctm are allowed to vary arbitrarily in D. (Otherwise, uniform strong ellipticity would imply uniqueness for the elastostatic displacement boundary-value problem in an arbitrary inhomogeneous medium, contradicting the Edelstein-Fosdick example.) Out of both mathematical curiosity and a desire to shed light on questions of uniqueness for the elastostatic displacement boundary value problem, one is led to ask what becomes of Van Hove's Lemma in an arbitrary inhomogeneous medium. In the following, we first show that Van Hove's Lemma remains valid as stated, provided that the coefficients Cijki are "nearly constant" in D in a certain sense. We then outline the construction of a set of coefficients Cim which are such that no inequality of the form (1) can hold for all v £ H0\D). (Of course, such a set of coefficients can be recovered from the Edelstein-Fosdick example. However, we feel that the direct construction given here better illustrates why the algebraic condition of strong ellipticity fails in general to guarantee the analytic inequality (1).) Finally, we offer a generalization of Van Hove's Lemma which is valid in inhomogeneous media. Specifically, we show that if C is strongly elliptic in D, then it is possible to salvage an inequality of the form (1) for functions v £ H0\D) which satisfy a finite set of orthogonality conditions, the number of which does not increase under small perturbations of C.
2. Van Hove's Lemma for tensors with "nearly constant" coefficients. In this section, we show that an inequality of the form (1) holds for all v £ H0\D) provided G is uniformly strongly elliptic in D and the coefficients Cim are "nearly constant" in a certain sense. We take the following approach to this objective: Letting C° be a strongly elliptic tensor with constant coefficients, we observe that if Q is sufficiently near C° in the usual tensor norm, then not only is C strongly elliptic but also an inequality of the form (1) holds for C on Ho(D).
Our desired result is a corollary of the following observation. 
for every v £ H0\D). The inequality (4) is a special form of Garding's Inequality. A derivation of (4) can be found in [5] . Now suppose that the lemma is false. Then for each positive integer n, one can find an element vln) £ H0\D) H SnL such that ||v,n)||0 = 1 and
The inequality (4) yields
and, for large n, one obtains llv'il,2 < 1 + c"/(c" -£).
Thus the norms 11 v("'|| j are bounded. It follows from the Rellich compactness theorem* that there exists a subsequence {v(V};=1 i2i... of {v("'}n,li2i... which converges in L2(D) to an element v<0) £ L\D). Now v(0) is the limit of a sequence which is eventually in Sn1 for every n; hence, v<0) £ Snl for every n. Since {<?"}",is complete, this implies v<0) = 0. But this is a contradiction since || v(o,||0 = limy|| vl"y || o = 1, and the lemma is proved.
We conclude with the observation that, if an inequality of the form (1) In other words, the set of orthogonality conditions sufficient to guarantee an inequality of the form (1) does not suddenly increase for small perturbations ofC. Of course, this result, together with Van Hove's Lemma, implies the result of Sec. 2 for tensors with "nearly constant" coefficients. However, it should be noted that the result of Sec. 2 is given in terms of calculable quantities, while this result is given in terms of "soft" constants and, therefore, must be regarded as only qualitative in nature.
Addendum. We are grateful to the referee of this paper for observing that one can obtain a "hard" version of the lemma of Sec. 4 for a particular complete orthonormal set in L2{D) via the variational characterization of the clamped membrane eigenvalues. We reproduce his comments below.
The Since suitable constants c' and c" can be found by direct calculation, it follows that, whenever n is sufficiently large, an inequality of the form (1) holds with a positive, calculable constant c for all v £ H0\D) n Snl.
